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Abstract

We revisit the weak, energetic-type existence results obtained in [RT15] for a system for rate-
independent, brittle delamination between two visco-elastic, physically nonlinear bulk materials and
explain how to rigorously extend such results to the case of visco-elastic, linearly elastic bulk materials.
Our approximation result is essentially based on deducing the M0sco-convergence of the functionals
involved in the energetic formulation of the system. We apply this approximation result in two
different situations at small strains: Firstly, to pass from a nonlinearly elastic to a linearly elastic,
brittle model on the time-continuous level, and secondly, to pass from a time-discrete to a time-
continuous model using an adhesive contact approximation of the brittle model, in combination with
a vanishing, super-quadratic regularization of the bulk energy. The latter approach is beneficial if
the model also accounts for the evolution of temperature.
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1 Introduction

In the spirit of generalized standard materials, cf. e.g. [HN75], delamination processes along a prescribed
interface T, between two elastic materials Q,,Q_ C R? can be modeled with the aid of an internal
delamination variable z : [0,7] x I, — [0, 1], which describes the state of the glue located in Ty during
a time interval [0,T]. In particular, in our notation z(t,z) = 1, resp. z(¢t,x) = 0, shall indicate that
the glue is fully intact, resp. broken, at (¢t,x) € [0,T] x I'.. Such a type of modeling approach in the
framework of delamination dates back to e.g. [Kac88, Fré88]. In the case of a rate-independent evolution
law for z, analytical results for delamination models have been obtained e.g. in [KMRO06, RSZ09] in
the case of adhesive contact and brittle delamination in the framework of the energetic formulation of
rate-independent processes. Instead, [RTP15], also in the fully rate-independent setting, constructed
for the brittle system local (or semistable energetic) solutions, i.e. fulfilling a minimality property for
the displacements and a semistability inequality for the internal variable, combined with an energy-
dissipation inequality, cf. also [Roul3]. The approach in [RTP15] was based on time discretization using
an alternate minimization scheme. Semistable energetic solutions to the adhesive contact system were
also obtained in [Scal7] by a vanishing-viscosity approach. In [RR11] existence of semistable energetic
solutions for an adhesive contact model with rate-independent evolution of the delamination variable was
discussed for the first time in combination with other rate-dependent effects: Therein, the displacements
are subjected to viscosity and acceleration, and in addition also the evolution of temperature is taken into
account. Based on this, [RT15] addressed the existence of (weak, energetic-type) solutions for a brittle
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delamination system, extending the isothermal, fully rate-independent model addressed in [RSZ09] to the
coupled rate-independent /rate-dependent setting of [RR11]. The aim of this work is to further extend
the analytical results that were developed in [RT15] for rate-independent delamination in visco-elastic
physically nonlinear materials at small strains, to the case of physically linear materials at small strains.

More precisely, the existence of solutions to the coupled rate-dependent/independent system for brittle
delamination was shown in [RT15] by passing to the limit in an approximate system for adhesive contact,
under the condition that the elastic energy density W = W (e) fulfilled

clefP <Wi(e) < C(lefP +1) withp>d. (1.1)

This kind of nonlinear growth is used in the engineering literature to model strain hardening or softening
of so-called power-law materials, see e.g. [Kno77, HK81]. In particular, the exponent p > d is applied
at small strains in [Bel84] to describe strain hardening. Yet, for our analytical results in [RT15], the
condition p > d also had a very specific, technical motivation. In fact, our analysis relied on the validity
of a Hardy inequality, applied to the displacement variable u, which at that time was only available for
functions in W1P(;R?) with p > d. In the meantime, an improved version of this Hardy inequality,
also valid for p = 2, was obtained in [EHDRI15], thus making the restriction p > d unnecessary. This
was already reflected in [RTP15], where the existence of semistable energetic solutions was shown by a
constructive approach combining the adhesive-to-brittle limit and the discrete-to-continuous limit pas-
sages in a time discretization scheme. A quadratic growth for the elastic energy density was also allowed
in [RT17b], where the existence of solutions to the brittle delamination system in visco-elastodynamics
(i-e., encompassing inertial effects) was still obtained by passing to the limit in the adhesive contact
approximate system.

The aim of this note is to close the gap between the results in [RT15] and those in [RTP15, RT17b].
Namely, we will perform

(1) the limit passage from nonlinear to linear small-strain elasticity in the mechanical force balance for
the brittle delamination system:;
(2) the joint adhesive-to-brittle, discrete-to-continuous, nonlinearly elastic-to-linearly elastic limit pas-
sage in a delamination system at small strains, also encompassing thermal effects.
We do not consider the case of geometrically nonlinear materials, which would be treated in a different
way in the framework of finite-strain elasticity, e.g. using tools like polyconvexity.

In Section 2.1, we are going to describe the brittle delamination and adhesive contact systems, confin-
ing the discussion to the quasistatic (without inertia in the mechanical force balance for the displacements)
and isothermal case. Yet, as we discuss in more detail in Section 4.2, it is possible to encompass thermal
effects in our analysis, still remaining quasistatic for the displacements. But here, unhampered by the
technical problems related to the handling of inertia and temperature, we will focus on the analytical
difficulties attached to the adhesive-to-brittle limit. We will then explain the technique for taking the
adhesive-to-brittle limit passage in the equation for the displacements first developed in [RT15]. This will
help us put into context the main result of this paper, Theorem 2.5, stating the Mosco-convergence of
the energy functionals underlying the brittle (small-strain) mechanical force balance from the nonlinearly
to linearly elastic case. While Theorem 2.5 will be stated in Section 2.2 and proved throughout Section
3, its applications to the limit passages (1) & (2) will be carried out in Section 4.

Let us finally fix some notation that will be used throughout the paper: We will denote by || - ||x
both the norm of a Banach space X and, often, the norm in any power of it, and by (-,-)y the duality
pairing between X* and X. Moreover, we shall often denote by the symbols ¢, ¢/, C, C various positive
constants, whose meaning may vary from line to line, depending only on known quantities.



2 Our main result: motivation and statement

2.1 The brittle delamination system, its adhesive contact approximation, and
the adhesive-to-brittle limit

Let us now gain insight into the PDE system for brittle delamination between two bodies €2} and
Q_ C R? d > 2. We enforce the

brittle constraint: [u(®)] =0 a.e. on (0,T) x supp z(t) (2.1)

where [u] = u¥|n. — u |, is the jump of u across the interface I, = Q_ N Qy, u®|r. denoting the
traces on Iy of the restrictions u® of u to Q4, and supp z the support of the delamination variable
z € L*>®(T,), cf. (2.19) ahead. Hence, (2.1) ensures the continuity of the displacements, i.e. [u(t,z)] = 0,
in the (closure of the) set of points where (a portion of) the bonding is still active, i.e. z(¢,2) > 0, and
it allows for displacement jumps only in points « € Iy, where the bonding is completely broken, where
z(t,x) = 0. Therefore, (2.1) distinguishes between the crack set T\ supp z(t), where the displacements
may jump, and the complementary set with active bonding, where it imposes a transmission condition
on the displacements. We also enforce the

non-penetration condition: [u(®)] -n>0 a.e. on (0,T) x supp z(t) (2.2)

with n the unit normal to I, oriented from Q4 to Q_.
The PDE system for brittle delamination between two visco-elastic bodies addressed in this paper
consists of the quasistatic mechanical force balance for the displacements

—div(o(e,&)) = F  in (0,T) x (Q,UQ_), (2.3a)

where e = e(u) := 1(Vu+Vu') is the linearized strain tensor and é = e(i), while F is a time-dependent
applied volume force. The stress tensor o, encompassing the visco-elastic response of the body, is given

by the following constitutive law
o(e,é) =Dé+ DW(e),

where D € RI*dxdxd g the symmetric and positive definite viscosity tensor and the elastic energy
density W : R4X4 — [0, 00), with Gateaux derivative DW, is specified by (2.18) below. Equation (2.3a) is
supplemented with homogeneous Dirichlet boundary conditions on the Dirichlet part I, of the boundary
09, where  := Q, UT,UQ_, and subject to an applied traction f on the Neumann part I'y = 9Q \ T},
ie.

u=0 on (0,T) x Iy, ole,é)lnnv=f on (0,T) x Iy, (2.3b)

with v the outward unit normal to 92. For technical reasons, we will require I, to have positive distance
from I., cf. Assumption 2.3 ahead. The evolution of u and of the delamination parameter z are coupled
through the following (formally written) boundary condition on the contact surface T

(e, €)ren + Dy oo ([u], 2) + 8Ic(y([u]) 20 on (0,T) x I, (2.4)

where the subdifferential terms render the brittle and non-penetration constraints, respectively. Indeed,
Oudso : RY x R = R? is the subdifferential (in the sense of convex analysis) of the functional J., :
R? x R — [0, 00] defined by the indicator function of the set individuated by (a slighlty weaker version
of) the brittle constraint, namely

~ 0 ifvz=0,
Joo(v,2) = I{yz=0y (v, 2) = { (2.5)

oo otherwise.

The non-penetration constraint is imposed through the multivalued mapping C : T, = R? defined by

C(x) :={veR?: v-n(x) >0} for a.a. x €Ik. (2.6)



Further coupling is provided by the flow rule for the delamination parameter
OR(2) + 9G(2) + 0. Jos([u],2) 20 on (0,T) x I, (2.7)

featuring the dissipation potential density

R(:) i {a1|z if 2 <0,
00 otherwise,

(with a; > 0 the phenomenological specific energy per area dissipated by disintegrating the adhesive)
and 09 the (still formally written) subdifferential of a functional § encompassing a suitable gradient
regularization, given in (2.16) below.

The brittle and non-penetration constraints are reflected in the variational formulation of the me-
chanical force balance for the displacements. To properly give it, we introduce the time-dependent spaces

VI(t) = {v € WHI(Q\Te; RY) : [v] =0 ae. on suppz(t) C Iy and [v(z)] € C(x) for a.a. x € I},

where the exponent ¢ > 1 depends on the growth properties of the density W and we use the notation
Wé’q(A; R?) for the space of W14-functions on a domain A with null trace on I',. In this work, we will
in particular deal with the cases ¢ = p > d and ¢ = 2. Thus, the weak formulation of (2.3) reads

u(t) € Vi(t) fora.a. te (0,T),
/Q\F (De(u(t)) + DW (e(u(t)))) : e(v — u(t))da > (L(t),v — u(t)) for all v € VI(¢), for a.a. t € (0,T),

(2.8)
with L : (0,T) — W5 (Q\Ie; RY)* a functional subsuming the external forces F and f, i.e.

(L(t),v) :z/QF(t)~vdx—|— g f(t)-vdS; (2.9)

more details on the above duality pairing and the conditions on the forces F' and f will be given in
Sec. 4.1. In this paper, along the footsteps of [Rou09, RT17a], we will weakly formulate the coupled
rate-dependent /independent system (2.3, 2.4, 2.7) by means of an extension of the concept of semistable
energetic solution from [Roul3]. As we will see in Definition 4.1 ahead, the semistable energetic solutions
of system (2.3, 2.4, 2.7) are defined by fulfilling the weak mechanical force balance for the displace-
ments (2.8) combined with a suitable energy-dissipation inequality and a semistability condition, weakly
rendering the flow rule (2.7).

In [RT15] we showed the existence of semistable energetic solutions of the brittle system, by passing
to the limit in an approximate system where the brittle constraint (2.1) is penalized by the

k
adhesive contact term: / Je([u], z) dH (@) with Ji([u], 2) = §z\ [u] > for k>0, (2.10)
I'c

featured in the energy functional underlying the mechanical force balance for the displacements. Above,
34! denotes the (d—1)-dimensional Hausdorff measure. In fact, the existence of energetic solutions
to the purely rate-independent brittle system was proved in [RSZ09] by passing to the limit in this
adhesive contact approximation, as the parameter k — oco. For our coupled rate-dependent/independent
brittle system, the adhesive contact approximation consists of the mechanical force balance (2.3) for the
displacements coupled with the following contact surface condition and flow rule for the delamination
parameter

o(e, é)ren+ 0y Ji([u], 2) + 0lcy ([u]) 20  on (0,T) x I, (2.11)
OR(2) + 95(2) + 0. Ji([u],2) 20  on (0,T) x Tk, (2.12)



which replace (2.4) and (2.7), respectively. Accordingly, the weak formulation of the mechanical force
balance for the adhesive contact system (2.3, 2.11, 2.12) reads

/Q(De(zl(t))—l—DW(e(u(t)))) ce(v—u(t))de + /sz(t) [u®)] [v — u(®)] dHY(z) > (L(t),v — u(t))

\Tc
for all v € V4, for a.a. t € (0,7,
(2.13)
where the (no longer time-dependent) space for the test functions now only encompasses the non-
penetration condition (2.2), i.e.

V= {v e WY (O\T; RY) : [v(2)] € C() for a.a. x €T.}.

The limit-passage argument for the adhesive-to-brittle limit developed in [RSZ09] was based on the
Evolutionary Gamma-convergence theory for (purely) rate-independent systems from [MRS08]: Basi-
cally, it only necessitated the Gamma-convergence of the underlying energy and dissipation functionals,
combined with a mutual recovery sequence condition that ensured the limit passage in the global sta-
bility condition. For coupled rate-dependent/independent systems, it is not sufficient to solely rely on
the abstract toolbox of [MRSO08]: In particular, in our specific context, the Gamma-convergence of the
energies no longer guarantees the limit passage, as k — oo, from the weak mechanical force balance for
the displacements (2.13) to its brittle analogue (2.8). For that, given a sequence of semistable energetic
solutions (ug, zx)x converging to a pair (u, z), which is a candidate semistable energetic solution of the
brittle system, it is indeed necessary to construct, for every admissible test function v € Vi(t) for the
brittle mechanical force balance (2.8), with ¢ € (0,T) fixed, a sequence (vy)x of test functions for (2.13)
such that

1. (vg)r converge to v in a suitable sense, ensuring the limit passage in the bulk terms of (2.13);

2. the functions v also satisfy the non-penetration condition (2.2);

3. there holds

k—o0

lim sup/F Kz (t) [un(t)] [oe — un(t)] dH4Y(z) <0.

Since lim infy, o0 [y, k25 (t)[[ur(t)]|* dFH** (2) > 0 for almost all ¢ € (0,7), it is immediate to check that
the above property is ensured as soon as

lim sup/ k2 (t) [ur ()] [ve] d3?(z) < 0. (2.14)

k—o0 Tc

In [RT15] we were able to construct a sequence (vg ), complying with (2.14), starting from a test function
v such that [v] = 0 a.e. on supp z(t), by modifying v in such a way that the support of the obtained [uvy]
fitted to the null set of zj, approximating z. This construction hinged on two crucial ingredients:
1. First, we preliminarily obtained refined convergence properties of the delamination variables (z)g.
In particular, we proved the support convergence

supp z(t) C supp 2(t) + B,,(0) and pp — 0 as k — oo, (2.15)

at every ¢ € (0,7 via arguments from geometric measure theory. In fact, our proof of (2.15) heavily

relied on the following, specific choice for the gradient regularizing term for the delamination flow
rule

bDz|(T) if z € SBV(I; {0,1}),

5(z) :z{ D=|(Te)  if = (Te: {0.11) (2.16)

00 otherwise,

with b > 0, SBV(T; {0,1}) the set of the special bounded variation functions on T, taking values
in {0,1}, and |Dz|(I;) the variation on I'; of the Radon measure Dz. The set SBV(I'g; {0,1}) thus
only consists of characteristic functions of sets with finite perimeter in I';, and the total variation
|Dz|(T) of 2 = xz € SBV(I¢;{0,1}) is given by the perimeter of Z in I';. With (2.16) we thus
imposed that z only takes the values 0 and 1, i.e. we encompassed in the model only two states of
the bonding between Q4 and _, the fully effective and the completely ineffective ones. Relying



on the information z; € {0,1} and on the support convergence (2.15), we in fact constructed a
sequence (vg)g such that

z()|[vr(t)]|? =0 forall k € N and all t € [0, 7). (2.17)

2. Second, for establishing the convergence properties of the recovery sequence of test functions for the
displacements, we resorted to a Hardy inequality given in [Lew88] for closed sets of arbitrarily low
regularity, but applicable only to functions in WP (£2; R?), with p > d. To enforce this integrability
property for the gradients of the displacements, we thus had to impose the growth condition (1.1) on
the elastic energy density and, accordingly, x to consider the variational formulation of the adhesive
contact and of the brittle equations for the displacements in the spaces VP and V2(t), respectively.
However, this condition can be weakened to quadratic growth in view of the improved Hardy’s
inequality recently proved in [EHDR15].

As a matter of fact, our construction of recovery test functions did guarantee the M0OSCO-convergence
of the energy functionals underlying the adhesive contact mechanical force balance (2.13) to that of the
brittle mechanical force balance (2.8).

Indeed, in Sec. 2.2, we are going to state the main result of this paper in terms of M0SCO-convergence
of functionals. This result will ensure the passage from elastic energy densities with (p>d)-growth to
quadratic densities in the following two situations:

1. in the brittle delamination system: for this, we will resort to the convergence of the functionals

(P to Poo, cf. (2.21) & (2.23);

2. jointly with the adhesive-to-brittle and discrete-to-continuous limit passage in thermo-visco-elastic
delamination systems: for this, we will resort to the convergence of the functionals (®3); to @,
of. (2.22) & (2.23).

2.2 Owur main result

Definition of Mosco-convergence. We recall the definition from, e.g. [Att84, Sec. 3.3, p. 295]): Given
a Banach space X and proper functionals @, @, : R — (—o00,00], k € N, we say that the sequence
(®r)r Mosco-converges to ® as k — oo if the following conditions hold:

- lim inf-inequality: for every w € X and all (uy)r C X there holds

ur — u weakly in X = likminf D (ug) > Poo(u);
—00

- lim sup-inequality: for every v € X there exists a sequence (vg)r C X such that

vp — v strongly in X and limsup @ (vg) < Do (v).

k—o0

The functionals. Throughout the paper, we will consider elastic energy densities of the type

Wy - RI*d [0,00) convex, differentiable, and such that

2.18
Jeg, Cp>0Ve € R ¢ le|? < Wy(e) < Cylle]?+1) (2.18)

for some ¢ € (1,00) and the associated integral functionals on Q\I';. We will also consider the integral
functional induced by Jj, from (2.10), i.e.

Ju(v,2) ::/F To(v(x), 2(x)) dH (2),

whose domain of definition depends on the choice of ¢ from (2.18), cf. Remark 2.1 for more details. While
Ji. will contribute to Q)Zdh, the functionals ®; and @, will feature a term J., accounting for the brittle
constraint (2.1), which in turn involves the closed set suppz. We will consider J., to be defined for
z € SBV(T;{0,1}), which can be thus identified with the characteristic function of a finite perimeter set
Z. In a measure-theoretic sense, supp z is given by

supp z := ﬂ{A C To C R4 A closed , HO71(Z\A) = 0}. (2.19)



We now define

0 ifv=0H4 " ae. on suppz,

Joo : LY(Te;RY) x SBV(Te; {0,1}) = [0,00]  Joo(v, 2) == { (2.20)

oo otherwise.

Finally, we introduce the integral functional induced by the indicator functions of the sets C(x) from
(2.6), i.e.

Jo : LMTo; RY) — [0, 00) Jo(v) == / I (v(z)) dFH ().
T'c
Then, we define the functionals

®y : HY(Q\To; RY) x SBV(I; {0,1}) — [0,00] given by

1 : 1,p . d
B2 {fmc (Wale(w) + 5 Wy(e(w))) do +8ue(ul,2) 6w € WP @RS,
%) otherwise,
(2.21)
dadh . gL (O\T; RY) x LY(T) — [0,00] given by
1 : 1,p . Td
550 2) {fmpc (Wale(u)) + 5 Wole))) dr+u([ul.5) i we WEM@RRE),
(%) otherwise,
(2.22)

We will show that, given a sequence (z;)r C SBV(I:;{0,1}) and suitably converging to some z €
SBV(T;{0,1}) (cf. Theorem 2.5 below), both functionals ®y(,zx) and ®341(., z;.) Mosco-converge in
the H (Q\I';; RY)-topology, as k — 0o, to the functional ® (-, z) defined by

Do o Hp (Lo RY) x SBV(I; {0,1}) = [0,00], ®uo(u,2) := o Wa(e(u)) dz + oo ([u], 2) . (2.23)

Remark 2.1. 1. Due to the condition p > d and to trace theorems, for every u € W]:l,’p(Q\I‘C; R9)
there holds
[u] € W=V/Pr(Dy; RY) € COTL). (2.24)

Therefore, for the term Jy([u], 2) to be well defined, it is in principle sufficient to have z € L!(T¢).

2. As already mentioned, in [RT15] we performed the adhesive-to-brittle limit passage in the me-
chanical force balance staying in the context of nonlinear (small-strain) elasticity, with an elastic
energy having p-growth, with p > d. In fact, we proved the MoOsco-convergence of the functionals
(w.r.t. the variable u, with the second entry given by a sequence (zx)x in SBV(I's;{0,1}) suitably
converging to some z)

q)zdh,p : WIl)’p(Q\FC;Rd) « It (Fc) N [0’ OO) ézdh,p(u’ Z) — o Wp(e(u)) dx + Hk([[U]} s 2)7

to the functional

P WEP(O\Te; RY) x LY(Te) — [0, 00 P (u,z) := o Wy(e(u)) dz +joo([[uﬂ,z),

with Joo the integral functional induced by the indicator function Jos from (2.5). Observe that, in
view of (2.24), for u € W P(Q\Ie; R%) there holds

z[u] =0 Hi lae on T, <= [u] =0 H?% 'ae. on suppz, hence Em([[u]] ,2) = Js0([u], 2).

Instead, for the functional @, defined with u € HJ (Q\I; R?) it is essential to have the contribution
with Jo, which enforces constraint (2.1) in terms of supp z, stronger than z[u] = 0 a.e. on I'.. In
fact, our argument for MoOSCo-convergence relies on the support convergence (2.15).



Assumptions. Let us now specify our geometric assumptions on the domain 2, as well as the properties
required of a sequence (zx)r C SBV(I:;{0,1}), converging to some z € SBV(I.;{0,1}), to ensure
that the functionals ® (-, 2;) and ®2(, z;) Mosco-converge to ®oo(+,2). In order to obtain a result
as independent as possible from the problem of passing to the limit in the coupled system for brittle
delamination, we will directly impose here certain additional regularity properties on (z)x and z, which
are in fact induced by semistability, see Sec. 4.1.

We will suppose that the Dirichlet boundary I'p and the finite perimeter sets Z; and Z associated
with z; and z enjoy a regularity property, which prevents outward cusps, introduced by Campanato as
the Property a, cf. e.g. [Cam63, Cam64], and also known as lower density estimate in e.g. [FF95, AFP05].
We recall it in the following definition.

Definition 2.2 (Property a). A set M C R™ has the Property a if there exists a constant C' such that
Vye M Vp,>0: L*"(MnNB,, (y)=>Cpy. (2.25)

Here, B, (y) denotes the open ball of radius p. with center in y.
We now fix our conditions on the domain ).

Assumption 2.3. We suppose that

Q CcR?, d>2, is bounded, Q_, Q4, Q are Lipschitz domains, Qy NQ_ =0,
00 =T UTy, s.th. Iy = 0Q\Ip, Iy, C 09 is closed with Property a, and
IL,NTe =0, HEYTLNQ) >0, HEYTL, NQ,) >0, dist(Tp,Te) = >0, (2.26¢

I.=Q_NQ, C R s a “flat” surface, i.e. contained in a hyperplane of R?,
such that, in particular, H41(T) = L4 Y(TL) >0,

where HY™1, resp. LI~1, denotes the (d—1)-dimensional Hausdorff measure, resp. Lebesgue measure.

Here, the condition that I'c is contained in a hyperplane has no substantial role in our analysis, but
to simplify arguments and notation.

As for the functions (zx)r, 2 C SBV(Is; {0,1}), in addition to weak* convergence in SBV(I';) we will
suppose that they fulfill a lower density estimate, holding uniformly w.r.t. parameter k € N U {oo}.

Assumption 2.4. There are constants R, a(Tc) > 0 such that for every k € NU {oo} there holds

(Fc)pfil if px < R,

(Te)R™" if p. > R, (220

a
Yy esuppz Vpu >0: LN Zy N B, (y) > {
a

where Zy, is the finite perimeter set such that z;, = xz, -

As we will see in Sec. 3.1, this condition, combined with the weak* convergence in SBV(I¢;{0,1}),
ensures the support convergence (2.15) for the functions zj.
We are now in a position to state the main result of this paper.

Theorem 2.5. Under Assumption 2.3, let (zx)i, 2 € SBV(T¢;{0,1}) fulfill as k — o
2p — z in SBV(Is; {0,1}) (2.28)

and Assumption 2.4. Then, the functionals ®(-,z;) and ®3M(-, z,) Mosco-converge as k — oo to
oo (-, 2), with respect to the topology of HE(Q\I'w; RY).

Its proof, carried out in Section 3, is based on a nontrivial adaptation of the arguments for the
aforementioned MoSsco-convergence result from [RT15].



3 Proof of Theorem 2.5

Let (zx)k, # € SBV(Ic; {0,1}) fulfill the conditions of Theorem 2.5. In order to prove MOSCO-convergence
of the functionals @ (-, z) and ®2B(. z;) to P (-, 2), we have to check the liminf- and the limsup-
estimates. While the proof of the latter is more involved and will be carried out throughout Sections 3.1
and 3.2, the argument for the former will be developed in the following lines. It relies on this key result.

Lemma 3.1 ([RT17b], Lemma 4.5). Let z € SBV(I;{0,1}) and let Z C T be the associated finite
perimeter set such that z = xz. Suppose that z fulfills the lower density estimate (2.25). Then,

H L (supp 2\ Z) = 0. (3.1)

The lim inf-estimate. Let (ug), u € HY(Q\Io; R?) fulfill uy, — u. Since Wy is convex and continuous
on HE(Q\Iw; RY) and since W, > 0 by (2.18), we have

1
lim inf/ <W2(e(uk)) + Wp(e(uk))> dz > Wa(e(w)) dz .
k—o0 O\Tc kp O\TIc
We now distinguish the analysis for @ (-, z;;) from that for ®3P (- z;), cf. (2.21) & (2.22).
(i) We may of course suppose that sup;, @ (ux, 2r) < C < co. Therefore, we have

sup Hoo([[uk]],zk) < C hence [uk]} =0 H? 'a.e. on supp z .
keEN

Since z,, — z in L4(T.) for every 1 < g < oo by (2.28), and since [uy] — [u] in L?*(T.;RY)
by the compact embedding H'(Q;R?) C L?(T; R?), we find a subsequence (zy, [ux])x converging

pointwise a.e. in I'c to (z, [u]). More precisely, along this subsequence it holds 0 = zx[ux] — z[[u]
a.e. in I'y and hence we conclude

z[[u]] =0 H? l-ae. on I\, which implies [[uﬂ =0 H? -ae. on suppz (3.2)
thanks to (3.1). Therefore,

lim inf goo ([ur ], 25) > 0= Foo([u]  2).

which concludes the proof of the lower semicontinuity estimate.
(ii) From sup, @3 (uy, z;) < C < oo we now infer that supyey Jk([uk], 2x) < C, which again yields
(3.2), because of 0 < ch 2| [ux] |? dH4(z) < C/k — 0. Then, also

liminf gy ([ur], 2) > 0= Jo([u]  2) .

Outline of the proof of the limsup-estimate. Let v € HL(Q\Io;RY) fulfill (v, 2) < oo: in
particular, z and v satisfy the brittle constraint (2.1). It is our task to construct a sequence (v ), with
the following properties:

vp € WAP(O\Ie; RY) for all k € N, sup @ (vg, z,) < 0o, and
k (3.3)
vp — v in Hy(O\T;RY) & ®p(vp, 21) = Poo (v, 2) as k — oo.

Obviously, in order to improve the regularity of v € HE(Q\To;R?) to WP (Q\T;RY) with p > d, v
has to be mollified. For this, we will introduce a mollification operator M;i , with a vanishing sequence
(¢x)k, which involves the Hl-extension of v|g, from Q4 to R? and the convolution with a mollifier
Ne, € C°(RY). However, in general, the convolution of v|q, with a mollifier n, € C§°(R?) will spoil its
zero-trace on the Dirichlet boundary I'n N Q4. In order to construct an element of Wé’p (Q\I'; R?) one has
to set v|q, to zero in a sufficiently large, k-dependent neighborhood I'p + By, (0) of I'p, before convolving
with 7. For this modification of a function v € H{ (Q\I'; R?), leading to a function with zero values in a



neighborhood of radius p of a closed set M C Q, we will apply a suitably defined recovery operator that
is a function of the radius p, of the points in M, and of the elements in HE(Q\I';R?). Namely,

Rec: {p €[0,00)} x M x HL(Q\T;RY) — {& € HL(Q\T;R?) : suppd € Q\(M + B,(0))};

its definition is given in Def. 3.3 below. The now suitably mollified function o) given by Oxlo, = f),f =
M * Ree(ry, Tp N Qx,v]a,) € WhHP(Q4;RY), with a vanishing sequence (r4)y, will have to be further

modified in such a way that the brittle constraint (2.1) is satisfied with the given sequence (zx)g. For

this, the recovery operator fMec will be once more applied to the triple (px,supp z, 9¢2%), where 722t is

the antisymmetric part of 0, cf. (3.19), and
pr. := inf{p € [0,00), supp 2z C suppz + B, (0)}. (3.4)

In other words, the construction of the recovery sequence (vy)r complying with (3.3) consists of the
following three steps:
Step 1: Set v|q. to zero in I, + By, (0) using PRec, with a vanishing sequence (r)y: this yields

Rec(ry, IF,v|q, ), where T :=T, N QL. (3.5a)

Here, the vanishing sequence (r4); has to be chosen in such a way that (I, + B, (0)) N T, = 0.
This is possible thanks to Assumption (2.26¢), which provides that dist(I;,ITc) = v > 0.

Step 2: Mollify Rec(ry, [T, v]o, ) using a suitably defined mollification operator ME € C§°(R?) for a
vanishing sequence (e)g: this results in

o € WHP(Q\I'; RY) with o := MZE (Rec(ry,, IF, v]a, ). (3.5b)
Step 3: Adapt 0 to zj in such a way as to obtain a sequence (vg)y satisfying
zi[ur] =0 He ' ae. on T, for each k € N. (3.6)

The technical tools for this construction will be provided in Section 3.1, whereas in Section 3.2 we will
carry out the proof that the sequence (vy)x indeed converges to v as stated in (3.3), c¢f. Theorem 3.7.

3.1 Preliminary definitions and results

We start by introducing the mollification operators. Since Q4 C R¢ are Lipschitz domains, by [Ada75,
p. 91, Thm. 4.32], they are extension domains (for Sobolev functions); we introduce the linear extension
operator

Ei: HY(Q+;RY) — HY(R%R?) with the properties:
e Voe H'(Qu;RY) . Ei(v)(x) = v(x) ae. in Qg, (3.7)
e 4CL >0Vwe Hl(Qi;Rd) : ||Ei(U)|‘H1(Rd;Rd) < C:N:HUHHl(Qi;Rd) .

In order to define a suitable mollification operator, we make use of the standard mollifier n; € C§°(R?),
cf. e.g. [AdaT75, p. 29, 2.17],

)= { e (Al il <0 (3.82)

)

with a constant ¢ > 0 such that [;, 71 (z)dz = 1, and for £ > 0 we set

ne(x) = "ni(x/e) . (3.8b)
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The mollification operator MF: Now, for ¢ > 0 we define the mollification operator

MZ : HY (Qu;RY) = CF(QuRY),  MZ(v) =0 % Bx(v) o, = /d ne(x —y)Ex(v)(y) dy (3.9)
R QL
and collect its properties in the following result.
Proposition 3.2 (Properties of MF). Let p € (1,00) fized.
1. For every e > 0 the linear operator M* : H*(Q4;R?) — HY(Q4;RY) satisfies
36>OVU€H1(Qi,Rd) : Msi(v)HHl(Qi;Rd) Sénv”Hl(Qi;Rd)' (310)

2. Consider a sequence ¢ — 0 and let v € H*(Qx;R?). Then, MFv — v in H(Qx;R?).
3. Let p > d fized. There is a constant Cyq, > 0, only depending on §2, on d, and p, such that for all
v e Hl(Qi; Rd)
IVMZE @) Lr(asirey < & Y2Collvllmiagir (3.11)
Proof. The proof of Items 1 & 2 is a direct consequence of classical results on mollifiers for W17 (R%)-

functions, see e.g. [Bur98, p. 39, Lemma 1], combined with the continuity of the extension operator.
Indeed, we have

IME )| 1 (@smay < 1 % B (o)l @agay < lmllo @) | B+ ()| g1 @amay < Ckllmllr @a 0]l s may »
whence (3.10) with C := max{C,, C_}, and Item 2.
Ad 3.: For the mollifiers defined in (3.8), observe that
V. (2) = Cexp(—(1 — |2]*) ™) (= (1 — |2]*)7?22) for all z with |z| < 1,

Vo) = =V, (i (2)) = @09 () for all e with [of < <. (3.12)

Let ¢’ > 1; using the transformation (y — x)/e = z, dz; = e~ *dy; for i € {1,...,d}, the LY -norm of V1,
reads as follows

Voo = )l oy = ( [ [Vomele =)l ay)*”

(3.13)

o 4 1/q" o ’

— (/Rd cld—q (d“))Wzm(z)]q dz) /a _ cld=a'(d+1))/q ||Vz771||Lq’(Rd)-

For v € H'(Q4;R?) the above considerations are now used to estimate |[VMZE(v)| 1rgara). For this,
we will in particular apply Holder’s inequality with the Sobolev exponent ¢ = 2d/(d — 2), for which
vl pa(oy ra) is well-defined due to the continuous embedding H'(Q+;RY) C L9(Q4;R?), ie. there is
Cs > 0 such that

[v]|La(yrey < Csllvllm oy ray- (3.14)
Furthermore, note that, for ¢ = 2d/(d — 2), it is ¢ = q/(q — 1) = 2d/(d + 2) and hence, (@~ (d+1)/d" —
€~%2 in (3.13) above. Thus, we obtain

d 2 p/2
HVZME(’U)HIZ,P(Qi;Rd) < /Q (Z (/]R'i ’v$775<33 - y)Ei(Uz)(y)| dy) ) dz

i=1

d
p/2
< [ (Ve o 1B ) agey)
Qi "=
d
< oy L IT e = 9 L0 oy
Z
<

s*dp/QC’d,pHVz?h||Zf:q’(JRd)Hv”%l(QﬂRd) '

where the positive constant Cg p,, varying from the third to the fourth line, only depends on d and p, and
Q, and for the fourth estimate we have used relation (3.13), as well as the continuity of the extension and
the embedding operators, cf. (3.7) and (3.14). O
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The recovery operator Pec:  We now introduce the recovery operator Rec.

Definition 3.3 (Recovery operator fRec). Suppose that M is a closed subset of 00+ fulfilling property a
from Definition 2.2. Set

W (Q4;RY) := {v € WHT(Q4;RY), v =0 on M},
dy () == min |z — | for allz e Q.
Let p > 0. Then, for all v € W@T(Qi;Rd) and every x € Q4 , we define

Rec(p, M,v)(x) :=v(x){,(x) with &,(z):=min {;(dM(:v) -p)7, 1} , (3.15)

where (1)t denotes the positive part, i.e. (z)T := max{0, z}.

The proof that Rec(p, M,v) — v in H*(Q4;R?) is based on a Hardy-type inequality recently deduced
in [EHDR15, Thm. 3.4]:

Proposition 3.4 (Hardy’s inequality for r € (1,00)). Let Qi satisfy (2.26a). Suppose that the closed
set M C 0Q4 has Property a. Then, for all r € (1,00) there exists a constant Cpy = C(M,r) such that
the following Hardy’s inequality is fulfilled in WI%/}T(Q:‘:7 R%):

Vo e Wy (Qe,RY : lo/dy|

L7 (Q4,R?) = CJ\/[HVUHLT‘(Q:deXd) . (3.16)

With this Hardy’s inequality at hand it is possible to deduce the following properties of Rec. We refer
to [MRT12, Cor. 2] for the proof of Proposition 3.5 below.

Proposition 3.5 (Properties of Rec). Let the assumptions of Proposition 3.4 hold true. Keep r € (1,00)
fized. Consider a countable family {p} with p — 0 and let v € Wllvf(Qi,Rd).
1. There is a constant ¢, = ¢,.(Q+) such that for every p > 0 the following estimates hold:

||9{2C(p, Ma 'U)| 27'(Qi) : (317)

bras and [ Vec(p, M, v)|

e < by < eIV

2. Rec(p, M,v) — v strongly in W7 (Q4) as p — 0.

The bounds (3.17) will later be applied for the exponent r = p, whereas the strong convergence result
shall be exploited for r = 2. As already mentioned, the recovery operator will be applied with M = I'p,
which is indeed required to fulfill property a. It will also be applied with M = supp z, with the sequence
of radii defined by (3.4). That is why, we need to impose on z the lower density estimate from Assumption
2.4 in Theorem 2.5. Assumption 2.4 is also at the basis of the following result, proved in [RT15, Prop.
6.7, 6.8], which ensures that the sequence (pg)y from (3.4) tends to 0 as k — oo.

Proposition 3.6. Assume (2.26d) on I'c. Let (zk)k, 2 € SBV(I'c; {0,1}) fulfill (2.28) and Assumption
2.4. Then, for the sequence (pi)r of radii given by (3.4) we have

supp z C supp z + B,, (0) and pr — 0 as k — oc. (3.18)

3.2 Construction of the recovery sequence & proof of the I'-lim sup inequality

We are now in a position to carry out the construction of the recovery sequence outlined at the beginning
of this Section. In order to simplify the subsequent arguments, in accordance with condition (2.26d)
ensuring the “flatness” of I\, we suppose without loss of generality that (2 is rotated in such a way that
the normal n on Iy points in the x;-direction and that the origin 0 € I'.. Moreover, for every = € )
we may use the notation x = (x1,y) with y = (29,...,24) € R971. We then define the symmetric and
antisymmetric parts of a function v = (Veym + Vanti) € HE(O\Ig; R?) via

Vsym () := 5 (v(z1,y) +v(—21,9)) and  vani(z) = 1 (v(z1,y) — v(—21,7)) . (3.19)
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In particular, vsym € H'(Q,R?). Moreover, for v € HL(Q\Ic;RY) with @ (v,2) < oo, there holds
Vanti = 0 a.e. on supp z.

With our next result we give the precise definition of the recovery sequence and prove the I'-lim sup
inequality for the functionals ®; and @Zdh.

Theorem 3.7. Let Assumptions (2.26) be satisfied. Let (zx)g,z € SBV(FC,{O 1}) satisfy (2.28) and
Assumption 2.4. Let (p)r be defined by (3.4). For every k € N set ry 1= J-, with v = dlst(FD,F ),
and consider M., from (3.9) with ey := k=% for a € (0,2/d). Then, for v € HL(Q\Ie; R?Y) with
Do (v,2) < 00, set

vg = 07 + Ree(py, supp 2, 1) (3.20)

with Oy, from (3.5), (pr)k from (3.4), and the recovery operator Rec from (3.15). Then, for the functionals
from (2.21)—(2.23) there holds

lim ®(vg, 21) = Poo(v,2)  and  lim B3P (vy, 21) = Poo (v, 2) . (3.21)

k— o0 k—o0
Proof. First of all, recall that both MZ from (3.9) and Mec(p, M, ) from (3.15) are linear operators.
Hence, in (3.20) we have

vk = MﬂE (Rec(rg, Di, Usym|, ) + Rec(pg, supp z, Mgik (Rec(rg, FDi, Vantil04))) - (3.22)

With o € H'(Q4,R%) as a placeholder for Usym |24 s TESP. Uanti|o, , and using (3.10), we deduce

| ME (Ree(re, TF, 9)) — 0] g1 0y

< ||Mej,f (Rec(ry, TE, 0)) — Mi @)l e) + ||Msﬂ,i (0) = 0l (ou) (3.23)

< C||Rec(ri, I3, 0) — 0l i (o) + | ME,(0) = 0l auy — 0,

and both terms on the right-hand side tend to 0 according to Propositions 3.2 & 3.5, since both sequences
(ex)k and (7k)x are null and since 1, = v/(4k) < dist(Is, ) by assumption. Furthermore, thanks to
(3.11), the LP-norm of the gradient can be estimated as follows

IV ME (Rec(rie, TE, ) 1o ) < 252 Cop|Beclri, TE,0) [mr(s) <0720, (3:29)
Estimate (3.23) implies that
J\Ji (Rec(rg, i,vsymmi)) — Usym|o,  strongly in Hl(Qi,Rd). (3.25)
Moreover, by estimate (3.24) we conclude that
k7P| V ME (Ree(ri, T, )| oy < b Pep @2CP -0 as k — oo, (3.26)

due to e = k= with « € (0,2/d).
It remains to verify similar relations for the term involving vansiln, , again abbreviated with 0. With
the aid of (3.17) and the linearity of Rec, we obtain

[9Rec(p, supp 2, MZE (Rec(ry, I, 9))) — 0| o)
< ||Rec(ps, supp z, Mi (Rec(rg, F,f,ﬁ))) — Rec(pg, supp 2, 0) || g1 (o) + |Rec(pr, supp z,0) — 0| g1 (ay)

< O Mz (Ree(ry, Ty, 9)) — 0l 1 () + 1Rec(pr, supp 2,9) — 0| g1 (ap) = 0
(3.27)

by (3.23) and Proposition 3.5. In order to deduce an estimate for the LP-norm of the gradient we
+
rewrite Rec(pk, supp z, MZE (Ree(ry,, IF,0))) = f;‘;ppZM;z (f{,’f v) with the aid of (3.15), and hence find
+ +
that VQRec(pr, supp z, MZ (Ree(ry, I, 0))) = EPPEVME (&P o)+ME (&p 7)@VELPPZ, Thus, by (3.17)
and (3.11) it is
rE . supp z
IV Rec(pr, supp 2, Mz (Ree(ry, I, 9)) | o(osy < IVME (&7 v)llm(ﬂiﬁllMi(fm 0) © VPP || Lr(ay)

_ t _
< e (Cap + O)EP 0|1 0sy < e C"
(3.28)
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Let us now conclude the proof of (3.21). It follows from (3.23) and (3.27) that vy, — v strongly in
H'(O\I';,RY). Hence we can choose a (not relabeled) subsequence that converges pointwise a.e. in Q\I..
Then, for the quadratic part W of the elastic energy we easily conclude that

Wa(e(vg))dz — Wa(e(v)) da (3.29)
O\Tlo NIc

via the the dominated convergence theorem. As for the term k™PW,,, we have that
/ kP, (e(v)) dr — 0. (3.30)
Q\Ic

due to growth property of W, in combination with estimates (3.24) & (3.28). Finally, there holds

zi[vr] = ze[07™] + 2 [Rec(pr, supp 2, ﬁzmi)]] =0 H%lae onl,, (3.31)
since for the symmetric part we have [7;"™] = 0 a.e. on I's, while, by construction, [Rec(py, supp z, 932%)] =
0 on supp z + B, which contains supp zj, cf. (3.18). Since the functions z;, fulfill the lower density esti-
mate from Assumption 2.4, Lemma 3.1 is applicable. Therefore, from (3.31) we infer that Jui] = 0 a.e.
on supp zx, i.e. that

both Hoo([[vk]] ,2k) =0 and Hk([[vk]] ,2k) =0 for every k € N. (3.32)

From (3.29), (3.30), and (3.32) we conclude (3.21) and thus complete the proof. O

4 Applications

4.1 From nonlinear to linear elasticity in the brittle delamination system

Let us now address the limit passage from nonlinear to linear (small-strain) elasticity in the coupled
rate-dependent /independent system for brittle delamination consisting of

1. the mechanical force balance for the displacements (2.3), with the stored elastic energy density

W (e) = Wa(e) + 75 Wp(e), where we let k — oo;

2. the contact boundary condition (2.4);

3. the brittle delamination flow rule (2.7).
Due to the rate-independent character of the flow rule, which possibly leads to jump discontinuities of z
as a function of time, system (2.3, 2.4, 2.7) has to be weakly formulated. As already mentioned in Sec. 2,
for this we resort to the notion of semistable energetic solution for coupled rate-dependent/independent
systems, first proposed in [Rou09] for rate-independent processes in viscous solids, and recently extended
and generalized in [RT17a]. We now recall this definition in the context of

e the nonlinearly elastic brittle delamination system, i.e. (2.3, 2.4, 2.7) with W (e) = Wa(e)+ 2 W)(e);

o the linearly elastic brittle delamination system, i.e. (2.3, 2.4, 2.7) with W (e) = Wa(e),
where, of course, the terms ‘nonlinearly elastic’ and ‘linearly elastic’ have been used with slight abuse,
only to refer to the nonlinear/linear character of the equation for the displacements (at small strains).

Prior to giving Definition 4.1, we need to fix our conditions on the forces F' and f: we assume that
F e WHH0,T; Hy (Q\Te; RY)*) and f € WH(0, T; L2(4=1/4(T; R?)), so that the total loading L defined
by (2.9) fulfills

L e Wh0,T; H (Q\T'e; RY)*). (4.1)

We then introduce the energy functionals driving the nonlinearly and linearly elastic systems, respectively:
Eky Eoo  [0,T) x HY(Q\Te; RY) x SBV(Is; {0,1}), — (—o00, o]
Sk(tv u, Z) = Py (u, z) + 9(2) - <L(t)> Z>H11)(Q\FC;R‘1)’ (4.2)
8<>o(t7 U, Z) = (I)oo(uv Z) + 9<Z) - <L(t)’ Z>H]13(Q\F0;Rd)7
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with G defined by (2.16). Finally, we consider the dissipation potential

ar|v| if v <0,

oo otherwise (4.3)

R:LYTe) = [0,00],  R(2):= [ R(¢)dx, with R(v) ;:{

T'c

and a; > 0. The fact that R(v) = oo if v > 0 ensures the unidirectionality of the delamination process,
i.e. a crack can only increase or stagnate but its healing is excluded. With R we associate the total
variation functional

N
Varg (z;[s, t]) := sup Zﬂ%(z(rj)—z(rj,l)) Dos=rg<r<...<ry_1<ry=t
j=1

for all [s, ] C [0,T]. Observe that the unidirectionality encoded in R provides monotonicity with respect
to time of functions z with Varz(z;[s,t]) < co. Hence, Varg(z;[s,t]) = R(z(t) — z(s)) in this case.
We are now in a position to give the following

Definition 4.1. We say that a pair (u, z), with u : [0,T] — WAP(Q\Ie; RY) in the nonlinear case and
w: [0,T] — HL(O\Io; R?Y) for the linear case, and z : [0,T] — SBV(Ic; {0,1}), is a semistable energetic
solution of the nonlinearly/linearly elastic brittle delamination system, if

L0, T; WP (Q\Te; RY)  in the nonlinear case,
L>(0,T; HS (Q\I; RY))  in the linear case,
2 € L(0,T;SBV(Ie; {0,1})) N BV([0, T]; L' (),

we H'(0,T; Hp(N\Ie;RY)) 0 {

the pair (u, z) fulfills
- the weak formulation (2.8) of the mechanical force balance, with ¢ = p > d for the nonlinear case
and ¢ = 2 for the linear one;
- the semistability condition

Ex(t,u(t), 2(1)) < Ex(t,u(t),?) + R(Z — 2(t)) for all 2 € LY(T) and all t € [0,T), (4.4)

- the energy-dissipation inequality for all t € [0,T]

Varg(z; [0, t]) —|—/O De(d) : e(w) da + Ex(t,u(t), 2(t)) < €x(0,u(0), 2(0)) —|—/O Ol (ryu(r), z(r)) dr,

(4.5)
with k € N (k = 00) for the nonlinearly (linearly, respectively) elastic system.

Note that the existence of semistable energetic solutions to the nonlinearly elastic brittle system was
proved in [RT15].

The following result formalizes the limit passage from nonlinear to linear elasticity for semistable
energetic solutions of the brittle delamination system. For technical reasons that will be expounded in
the proof, we need to strengthen our Assumption 2.3 on the domain, by requiring in addition that I is
convez.

Theorem 4.2. Under Assumption 2.8 suppose, in addition, that Ty, is convez. Let (uf, 28)x C Wé’p(Q\FC; R%)x
SBV(T'; R?) be a sequence of data for the nonlinearly elastic brittle systems, and suppose that

(ul, 28) = (uo,20) in HL(Q\Ie;RY) x SBV (Te; RY) with & (ul, 25) — oo (uo, 20)  as k — co. (4.6a)
Also, suppose that (ug, zo) fulfill the semistability condition at t =0

€(0,ug, 20) < E(0,up, 2) + R(2—29) for all Z € L*(T,). (4.6b)

15



Let (ug, zi)r be a sequence of semistable energetic solutions of the nonlinearly elastic brittle system em-
anating from the initial data (uf,z8)x. Then, there exist a (not relabeled) subsequence and functions
u € HY0,T; HY (Q\I'; RY)) and z € L>=(0,T;SBV(I; {0,1})) N BV([0,T]; L' (T.)) such that

up — u in H'(0,T; HY(Q\I'e; RY)),
ugp(t) — u(t) in HL(Q\Te;RY)  for all t € [0,T], n
Zp 2z in L>®(0,T;SBV(Te; {0,1})) N L=((0,T) x I, '

2e(t) = 2(t)  in SBV(T;{0,1}) N L>=(T.)  for all t € [0,T],

u(0) = wg, 2(0) = 29, and the pair (u,z) is a semistable energetic solution of the linearly elastic brittle
system in the sense of Def. 4.1.

Remark 4.3 (Alternative scaling & energy-dissipation balance). In [RTP15, RT15, RT17b] also an
alternative scaling for certain energy contributions was investigated. More, precisely, we replaced the
perimeter regularization G in (4.2) and dissipation potential R in (4.3) by their scaled versions

Gk(2) :==2G6(2) and Ri(v):= 1 R(v). (4.8)

In [RTP15] this was shown to be beneficial for modeling the onset of rupture when performing the
adhesive contact approximation of brittle delamination. Still, the associated semistability inequality
yielded compactness for the perimeters and the dissipation terms of the approximate solutions, as can
be verified by a multiplication with a factor k. The uniform bound on the perimeters independent of k
thus entailed that Gy (zx(t)) — 0 along semistable energetic solutions as k — oo. Thus, given that the
initial data are well-prepared, it was possible in [RTP15] to deduce an energy-dissipation balance for the
limit system. A similar result is also expected if the scaling (4.8) is applied in the setup presented in
Theorem 4.2.

Sketch of the proof of Theorem 4.2. We will not develop the proof in its completeness but rather highlight
its main ingredients, focusing in particular on the limit passage in the mechanical force balance for the
displacements. We will often refer to [RT15] for all details. We now split the proof into five steps.

Step 0: A priori estimates and compactness: Exploiting regularity assumption (4.1), which allows
us to estimate the work of the external loadings, as well as the information that supyey Ex(uf, 25) < C <
00, from the energy-dissipation inequality for the nonlinearly elastic case (i.e. kK € N), written on the
interval [0, T], we deduce that

t
3C>0VkeN: Varx (zx; [0, t]) —|—/ De(ty) : e(ty)de + sup |Ex(t,ur(t), zx(£)| < C. (4.9)
0 t€[0,T)

This yields the uniform bounds
sup (”uk”Hl(O,T;H}D(Q\FC;Rd)) + IIZk||Loo(o,T;Svac;{0,1}))nBV([o,T];L1<rc>>) <G,
€

also by exploiting Korn’s inequality for the displacements. Then, standard compactness arguments imply
convergences (4.7), cf. the proof of [RT15, Thm. 4.3], which in particular give u(0) = ug, 2(0) = zo. It
also follows from (4.7), via standard lower semicontinuity arguments, that

liminf Ex (¢, uk(t), 26(t)) > Eoo(t,u(t), 2(t)) for every t € [0,T]. (4.10)

k—o0

Step 1: Fine properties of the semistable sequence (z;);. Exploiting the additional condition
that I, is convex, in [RT15, Thm. 6.6] it was proved that the semistability condition (4.4) guarantees
the validity of the lower density estimate (2.27) for every k € NU {oo}, with constants uniform w.r.t.
k € NU {oo}. Therefore, the sequence (zi); fulfills Assumption 2.4 of Theorem 2.5.
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Step 2: Limit passage in the mechanical force balance for the displacements. We apply The-
orem 2.5 and conclude the Mosco-convergence of the functionals @y (-, zx) to ®(-, z) w.r.t. the topology
of HL(Q\I';;RY)). Then, in order to pass to the limit in the mechanical force balance (2.8) as k — oo, we
easily adapt the arguments from the proof of [RT15, Prop. 5.6]. They are based on the fact that, for k € N,
the weak formulation (2.8) can be reformulated in terms of the subdifferential (in the sense of convex
analysis) of ®; w.r.t. the variable u, namely 9, ®, : H}(Q\I's; RY)) x SBV(I¢; {0,1}) = HE (Q\I; RY))*
given by

€ € 0,Py(u, z) if and only if u € WP (Q\T; R?) and

(& U>W5~P(Q\rc;Rd) = /

o (DWa(e(u)+E"PDWy(e(u))) : e(v) dz + <>\aU>H]g(Q\FC;Rd)

for all v € WP (Q\Te; R%), with X an element of the subdifferential 9, (J¢ + Jx (-, 2)) : HS(Q\Te; RY) =
HE (Q\I'e; RY)*. Then, the nonlinearly elastic version of the mechanical force balance (2.8) is equivalent
to

/Q o (B + DW(e(a) +h"DW(e(u) s e(6) dr+ N0y ressey = (A0: ) oo

(4.11)
for all v € WP (Q\Ie; RY), with A(t) a selection in 8y, (Jo 4 Jx (-, 2(t))) (u(t)). Analogously, in the linearly
elastic case (2.8) reformulates in terms of the subdifferential 9, P : H{ (Q2\I'e; RY) x SBV(I;{0,1}) =
HY(O\I;RY)*. Now, the Mosco-convergence of the functionals ® (-, z;) to @ (-, 2) guarantees the
convergence in the sense of graphs of the corresponding subdifferentials 9, P (+, z) to 0, Puo(+, 2), cf.
[Att84]. This is the key observation for passing to the limit in (4.11), arguing in the very same way as
for [RT15, Prop. 5.6]. These arguments also yield, as a by-product, that

up(t) — u(t) in HY(Q\To; RY) and k=7 Wy(e(ux(t))de — 0 as k — oo for a.a. t € (0,7),
Q\To

hence
D (ur(t), zx(t) = Poo(u(t), 2(t)) as k — oo fora.a. te(0,7). (4.12)

Step 3: Limit passage in the semistability condition. First of all, observe that, for £k € NU {co}
condition (4.4) reduces to

oo ([ur(D], 26(1) + G(z4(1) < Foo([ur(®)], 2) + G(Z) + R — 2(t)) forall 2 € L'(Te)  (4.13)

for all ¢ € [0, T]. We now aim to pass to the limit as k¥ — oo in (4.13) for every ¢t € (0,T] (the semistability
condition holds at ¢ = 0 thanks to (4.6b)) and show that the functions (u, z) fulfill it for k¥ = co. Following
a well consolidated procedure for energetic solutions to purely rate-independent systems (cf. [MRS08]), for
t € (0,7 fixed and given z € L'(I¢) such that R(Z — z(t)) < oo and Joo ([u(t)], Z) + G(2) < 0o (otherwise
(4.13) trivially holds), we exhibit a recovery sequence (Zx)g, suitably converging to Z and fulfilling

limsup (doo ([un ()] 20) + §(Z) + R(Ex = 20(8)) = Joo([ur (O], 26(8)) = S (1))

< Joo([u®)], 2) + G(2) + R(Z — 2(t)) = doo([ur(t)], 2) — G(=(1)).
For this, we borrow the construction from the proof of [RT15, Prop. 5.9] and set

(4.14)

Zi = Zxa, +2z(l—xa,) with Ay :={xeTc: 0<2(x) < zx(z)}

and x4, its characteristic function. Observe that 0 < 2z < z, a.e. on Iy by construction, therefore
from supy, sup,¢ o,y doo ([ur ()], 21(t)) = 0 due to (4.9) we gather that Jeo ([ur(t)], 2Zx) = 0 for all & € N.
Therefore,

timsup (oo ( [u (O] 5)~Foe ([ur(®)], 20(0))) = 0 = Joo([u(t)], H)Foc ([u(®)]. 2(2))

k—o0

We refer to the proof of [RT15, Prop. 5.9] for the calculations on the remaining contributions to (4.14).
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Step 4: Proof of the energy-dissipation inequality (4.5). It follows by taking the liminfy o of
(4.5) for the nonlinearly elastic brittle system. For the left-hand side, we rely on convergences (4.7), the
lower semicontinuity properties of the dissipative contributions to (4.5), and (4.10). For the right-hand
side, we resort to the energy convergence (4.6a) for the initial data and to the continuity properties of
the power term 0,€, in view of (4.1).

This concludes the proof of Theorem 4.2. O

4.2 The joint discrete-to-continuous and adhesive-to-brittle limit in the me-
chanical force balance of the thermoviscoelastic system

In this final section we shortly discuss how the M0OsCO-convergence statement of Theorem 2.5 concerning
the functionals (®241); from (2.22) can be used to prove the existence of solutions for a model for brittle
delamination, also encompassing thermal effects. More precisely, the evolution of the displacement u, of
the delamination variable z, and of the absolute temperature ¥ is governed by the following PDE system:

—divo(e,é,9)=F in (0,7) x (Q4+UQ_), (4.15a)
9 — div (K(e, 9) V) = é:Dié — IBié + G in (0,7) x (QLUQ_), (4.15D)
u=0 on (0,T) x Iy, (4.15¢)

ale,é, V) ‘F =f on (0,T) x Ty, (4.15d)
(K(e,0)VOn =g on (0,T) x 99, (4.15e)
(e, é,9)|ron + duJoo([u], 2) + afc @ ([u]) 20 on (0,T) x I, (4.15f)
OR(2) + 0G(2) + 0. T ([u]. = on (0,7) x T, (4.15g)
1(K(e, ﬁ)vmpc + K(e,ﬂ)VqﬂFc)n +n([u],2)[9] =0 on (0,T) x T, (4.15h)
[K(e,9)VI]m = —a12 on (0,T) x T (4.151)

Here, the stress tensor o encompasses both Kelvin-Voigt rheology and thermal expansion in a linearly

elastic way, i.e.
o(e, é,9) =Dé+ DWs(e) — 0B. (4.16)

The heat equation (4.15b), featuring the positive definite matrix of heat conduction coefficients K(e, )
and the positive heat source G, is complemented by the two boundary conditions (4.15h) and (4.15i)
(with g > 0 another external heat source on the boundary 9€), which balance the heat transfer across
I’ with the ongoing crack growth. In particular, the function 7 is a heat-transfer coefficient, determining
the heat convection through I, which depends on the state of the bonding and on the distance between
the crack lips.

In [RT15] we proved the existence of semistable energetic solutions (with the heat equation formulated
in a suitably weak way) for system (4.15) in the nonlinearly elastic (small-strain) case, i.e. with o(e, é,9) =
Dé + DWp(e) — 6B and p > d. As explained in Section 2, the latter constraint can be now overcome.
Nonetheless, in order to show the existence of solutions to system (4.15) with (4.16), it is necessary to
resort to a monlinear approximation of the mechanical force for the displacements.

In fact, mimicking [RR11, RT'15] one can construct approximate solutions for system (4.15) with (4.16)
by a carefully devised time discretization scheme, illustrated below (however neglecting the boundary
conditions). In this scheme the equation for the displacements is discretized in the following way

J i1 ) . : .
—div (]D)e <UTUT> +DWs(e(ul)) + TDW,(e(ul)) — 192.15%) =F) inQ,UQ_, (4.17a)
T
where 7 is the time-step associated with a (for simplicity _equidistant) partition {0 =Y <t < ... <
tl < ... < tJr =T} of the interval [0,7] and FJ = 1 ftjf F(s)ds. The nonlinear regularizing term

DW, ( ( 7)), with p > 4, is added to the discrete momentum balance in order to compensate the quadratic
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growth of the terms on the right-hand side of the (discretized) heat equation, namely

A - A - . - , -
VeV iy (K(e(ul),01)Vdl) = e (M) Dee <M) — ¥ Be (M> + G
T T T T

(4.17Db)
in Q,UQ_, with GZ defined by local means like F. In this way, the right-hand side of (4.17b) turns out
to be in L?(Q), and classical Leray-Schauder fixed point arguments can be applied to prove the existence
of solutions to (4.17a,4.17b). Finally, we mention that the flow rule for the delamination parameter is
discretized and further approximated by penalizing the brittle constraint, i.e. replacing Joo in (4.15g) by
Jg.

Semistable energetic solutions of the time-continuous system (4.15), with (4.16), then arise from taking
the limit of its time-discrete version, as 7 | 0 and & — oo simultaneously. Without entering into the
analysis of the heat equation and of the delamination flow rule, let us only comment on the limit passage
in the weak formulation of the (discrete) equation for the displacements. For that, a key role is played
the Mosco-convergence properties as k — oo of the functionals

B ) {fmpc (Wole()) + meWy(e(w)) o +3u([u] =) ifu € WP (L RY),

%) otherwise,
with (7, = k~P); a null sequence as k — co. We have denoted the above functionals with the same symbol
used for the functionals (2.22), to highlight that Theorem 2.5 holds for them as well and guarantees the
Mosco-convergence of the functionals ($3); to ®, from (2.23), and thus the limit passage in the
mechanical force balance for the displacements.
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